In this paper, a mathematical model is formulated to quantify the social impact an individual has on his/her community when he/she performs any energy efficiency project and transmits that information to his/her neighbours. This 
Introduction
In all energy efficiency projects, humans are the common factor and they play a major role towards the success of any project. It then makes sense that humans are the ones to target when campaigning for change of any kind concerning energy efficiency. The authors of [1] suggest that interactions among residents in a network increase energy savings which maybe more cost effective than physical renovations of their buildings. There are several studies that show the impact social networks play in reducing energy consumption [2]- [5] . Identifying the people who will implement the energy efficiency projects in their houses and afterwards spread the news encouraging free riding on energy efficiency programs.
Energy savings can be used to identify people who will propagate their savings information. Energy savings consist of two parts: direct and indirect savings. The direct savings refer to the savings that are measurable or observable and can be determined by various measurement and verification techniques [6] .
The indirect savings refer to the mathematical expectation of the savings additional to direct savings, which are achieved by social interactions of people in a community under the sense of probability theory. This social interaction is classified under the performance efficiency of the POET classification [7] .
The indirect savings can help identify people with most influence in their network through their transfer of information about their energy efficiency projects.
It can also help calculate the expected power saved from an energy efficiency project, predict the optimal location for an energy efficiency project in the residential sector that will yield maximum expected savings and calculate the acceptability of a project within a residential community.
The mathematical model proposed in this article (known from here on as the expected power saving model) is loosely related to the pinning control of complex networks. Pinning control is when a network cannot synchronise on its own and some controllers are applied to selected nodes in the network to force the network to synchronise [8] - [10] . Physically this means the model identifies people who after the implement energy efficiency projects in their homes will encourage other people in their community or network to implement those projects. This helps saves money and encourages free riding. Free riders are defined as those people in a energy efficiency program who would have installed the same energy efficiency measures even if there had been no program [11] , [12] .
The indirect savings helps determine the people with the most influence through information transfer and selecting them for energy efficiency projects.
After they implement the projects, they are able to spread the information about the project to others in so doing it will encourage people to implement efficiency projects. Identifying people to receive the project can be seen as a good way for the neighbours to free ride on the information they have received from the person chosen to receive the energy efficiency project. Rather than the neighbours going through the process of finding ways of reducing their electricity use in their houses which could be time consuming and costly, receiving the information from their neighbours gives them confidence about the project and hence encourage them to implement that project. An example of this type of search through free riding is used in [13] .
The indirect savings calculated in this article make use of the knowledge of small world phenomenon of social networks [14] - [18] and information entropy [19] . Milgram's experiment shows that any two people in any part of the world are connected by an average of six intermediate people [14] , [15] . The latest version of the small world experiment on Facebook (an online social network website) reports that the average number of acquaintances separating two people is 4.74 [20] .
Focusing on the residential houses, a case study on a community of fiftysix households is performed to identify the household that have more influence through social interactions in their network. The discovery of the household that will spread the most information is done using the expected power saving model proposed in this paper. Results from the case study determine the suitable households to receive the solar water heaters. Intuitively, when faced with the choice of giving solar water heaters to more than one household, the households that have the highest number of people connected to them is chosen but this paper has proven this assumption false through the expected power saving model.
The layout of the paper is as follows. Section 2 gives a quick background on social networks and information transfer. In Section 3 a mathematical model is formulated to calculate the expected power savings of an energy efficiency project for single and multiple sources of information transfer within network.
An example to test the model is given in Section 4 and the results of the findings are discussed in Section 5. Section 6 gives the conclusion and areas of further research.
Background

Social network
The authors of [21] and [22] point out that the existence of connection among people does not mean that they are aware of them. Hence the exclamation of "it's a small world!" when two people meet who previously do not know each other but have a mutual acquaintance. [3] shows that social networks promote energy efficiency savings. This paper explores the existence of the connections in a network, then quantifies the expected power savings through interactions.
Mathematical formulation of a social network problem in [16] and [17] gives the calculation of connectivity of people within a network. For simplicity, the network in this paper is assumed to be represented as a connected graph consisting of nodes with unweighted and undirected edges. The node degree k l of the node l is the number of edges linking with node l. The node degree k l shows the interaction and information sharing among the nodes in the network. The network degree distribution D is defined as
where N is the total number of nodes in the network and E is the total number of edges in the network. The degree distribution D of any network gives the average node degree of all the nodes in the network.
The degree of connection is derived from the degree of separation that is explained by Milgram's experiment, it shows that anyone can be connected to any other person on the planet through a chain of acquaintances which has an average of five intermediaries [14] . This means that when i has one degree of connection to j then d i,j = 1, and they are directly connected to each other.
Similarly, two people are said to have two degrees of connection d i,j = 2 if they are connected by one intermediary. The set M l is defined as the set of people directly connected to l. The average degree of connection for the entire network is the characteristic path length of that network. Characteristic path length L is defined as the average number of edges that must be traversed in the shortest path between any two pairs of nodes in the graph, it is a measure of the global structure of the graph. The characteristic path length is defined in [17] as
The degree distribution helps determine the functional probability of any individual in the network, this will be explained in the next subsection while the characteristic path length helps determine the conditional probability which will also be explained in the next subsection.
Information transfer
The diffusion of information depends on the new idea and the members of the social network [21] - [23] . In literature [24] - [26] , it is assumed that the information passed from person A to person B is the full information and B understands the information. In real life this is not the case, there is always some information that is lost during transmission. The application of the entropy of information has been successfully used in different fields of complex networks such as water supply [27] - [28] , ecology [29] , [30] , evaluation of alternative measures of new energy saving technologies [31] and it shows the possibility of defining and quantifying information transfer among people.
The functional probability p(i) is proportional to the ratio of the node degree k i of i to the total number of edges E in the network. This gives the probability that a node is in the network and connected to other nodes. The conditional probability p i (j) refers to the probability that node i is connected to node j through at most four intermediaries. The joint probability p(i, j) is the probability that the information regarding an energy efficiency project has been transferred from the end user i who performs the project to his neighbour j.
The relationship between p(i), p i (j) and p(i, j) in [19] is given as:
The entropy in information theory is defined as a measure of information, choice or uncertainty. The entropy gives the quantity of information transferred within the network. The entropy H(i) for a single source of information is calculated as [19] 
Methodology and mathematical model
Energy efficiency projects in the residential sector are implemented by humans, therefore quantifying the social impact through social interactions will
give the total expected power saving in every energy efficiency project. Social influence of an individual is dependent on the peer-to-peer interactions; this can highlight the most influential people in a community and thus reveal to energy planners the people to target in propagating information about the energy efficiency projects. Identifying people who will spread the information about the energy efficiency project to the network fastest is important because this will help change people's behaviour towards energy conservation and thus increase energy savings at little or no cost.
The mathematical model of the expected power savings calculates the combined direct and indirect savings of the energy efficiency project. In the model, the physical distance between two people is not considered, two people are said to be connected if there is a mutual acknowledgement of friendship between them. The nodes represent the households and the edges represent the connection between two households. The mathematical model of the expected power savings considers two scenarios; when there is focus on one or multiple end users to transfer information to the rest of the network. This model will try to dispute the intuitive believe that people with the highest node degree will spread the most information in the network.
Assume that the i-th end user is the only one in the network who performs an energy efficiency project, the expected power saving is calculated as:
where S i is the direct savings from the energy efficiency project that the i-th end user implements. The calculations of direct savings are not a major contribution of this research hence in the case study, the direct savings are given. S indirect j,i is the indirect saving of the j-th end user that is affected by the social impact of the i-th source node. The source node is a representation of an end user that performs an energy efficiency project and is able to transfer information about the project to other nodes. Now consider the case where the network has more than one end user implementing energy efficiency projects. The expected power saving for multiple sources is calculated as:
where I is the set of source nodes in the network. Note that the summation
excludes the case that one source is influenced by another source. This is because a source node already has its direct saving therefore, any information that is transferred from another source will have no effect and hence no indirect savings The entropy of information theory is applied to information sharing of energy efficiency projects within a network. The higher the entropy the more the information about the energy efficiency projects is expected to be transferred within the network. With this knowledge, the expected indirect savings for a single source case is defined as
where H(i) is defined as the entropy in equation (5) . In the case where more than one end user performs energy efficiency projects, the indirect saving for the multiple sources case follows easily from (8)
Formulae (8) and (9) are applied in (6) and (7) for the single and multiple sources respectively.
In the multiple source case, H(i) in (9) is calculated similarly as the single source case. That is,
From (5) the above (10) can also be written as
It turns out that the single source case in equation (6) is a special case of equation (7) for multiple sources. Therefore, we will not distinguish the single source and multiple source cases in the following calculations of p(i) and p i (j).
The functional probability p(l) for any node l gives the likelihood that the node has a node degree k l out of the network degree distribution in an N total number of nodes in the network. The functional probability l is defined as
Now consider the calculation of p i (j) where i ∈ I and j / ∈ I, note that
is the quantitative value for the connectivity of nodes within the network.
As people grow further from one another the impact of their information transferred is reduced, as shown in Figure 1 where the boxes represent the information transferred from the source. As the boxes move further from the source the lighter they are, meaning their impact on the receiving node is reduced. The greater the intermediaries between the source node and the receiver of the information, the smaller the information is transferred. In the calculation of p i (j) for a medium sized network, we consider only the case that j is connected to the source node i with degree of connection of at most four. This is a good approximation to the latest research on social networks that an individual is separated from any one in the world by an average characteristic path length L = 4.74 people [20] .
Insert In a network, the conditional probability p i (j) that an information source node i can transfer information to another individual j depends on how these two nodes are connected to other nodes. Note that information transferred along shorter paths are always dominant when compared to the information transferred along longer paths. Therefore, it is reasonable to consider only information transferred along shortest paths when considering the definition of p i (j). This is to say, information transferred along longer paths will be ignored, and if the shortest path between i and j is not unique, then information transferred along all the shortest path will be added together. Physically, this translates to the fact that the more a person hears about the advantages of a product from more than one friend, the more likely he will be convinced to acquire that product. Therefore the conditional probability does not only focus on the source nodes who transmits the information but also on the sink node's different access to the information. The following cases are considered in the definition of p i (j).
Case I: Assume that the degree of connection of node j with node i is one, that is node j is directly connected with node i,
Case II: Assume that the degree of connection of node j with node i is two, that is j / ∈ M i . Now we define the p i (j) as
In (14) the second degree of information transfer is dependent on the information already transferred from the source node to the first degree node q ∈ M i ∩ M j . The second degree node j treats the first degree node q as its source of information and the information obtained is dependent on the amount of information that is passed to q from the source node i. This means that q transfers the information he/she obtained from i to j. This shows the continuity of information transfer among nodes in the network. The sum of the probability of total number of nodes q between i and j indicates that when one hears about a lifestyle change from several friends the higher the chances of that person adopting that lifestyle change. This can also been seen from the receivers point of view for example, the more people tell him/her about their savings through buying some retrofitting of their home, the more likely this person will change in order to obtain those savings. If j decides to adopt to this lifestyle in order to save, it does not mean that j will automatically buy all the retrofits that all his/her friends tell him/her as this will not be realistic or cost effective. This means that the more information j obtains about savings from his/her friend the more likely he/she will be willing to change to that lifestyle. In addition, it confirms that the social impact i has on j through information transfer is lesser than the impact i has on q and this depicts real life scenarios where the influence of one's friends are greater than the influence of a friend of a friend [3] . Case III and IV follow the same thought pattern as case II.
Case III: Assume that the degree of connection of node j with node i is three, that is d i,j = 3, then p i (j) is defined as
Case IV: Assume that the degree of connection of node j with node i is four that is d i,j = 4, then p i (j) is defined as
Case V: Assume that the degree of connection of node j with node i is greater than four, the conditional probability is assumed to be negligible and
The practicality of (13) - (17) is that when a person performs an energy efficiency project, the information he/she transfers to the network is dependent on how many neighbour he/she has and how many neighbours his/her neighbours have too. The conditional probabilities measure the quantity of information transferred from the end user i to his/her neighbour j. As information is never fully transferred, the more people between i and j the less the quantity of infor- 
Case study
The South African government has partnered with the local utility company Eskom to provide some limited free low pressure solar water heaters to residential houses within South Africa. When the households to receive the free solar water heaters are chosen, a member of the household has to be present while the installation is carried out. After the installation, a brief description of the solar water heater and lessons on how to use the heaters are given. The benefits of the solar water heater is highlighted to the member of the household [32] . This is done with the expectation that the person talks about the efficiency of the heater to his/her friends. The transfer of such information leads to more people purchasing the solar water heaters for their houses and as such reduce electricity cost and save energy.
People are connected to each other through various means and as such information is transferred from one household to another. The reasons any two households are connected to each other are based on different factors such as environmental proximity, members of the same organisation, have children in the same school or work at the same office. In this research, a survey is carried out on a group consisting of fifty-six households from the same church organisation to obtain data for the social network graph. Each household is given a questionnaire to write out the names of other households they consider as friends within the group. After the necessary information has been collected, an adjacency matrix is constructed. The criterion for the graph is that two households must acknowledge that they are friends with each other before an edge can be drawn between them.
In order to calculate the expected power savings, the following assumptions are made, 1. Each household is assumed to use their electric heaters at about the same time through out the community, for example at both the morning and evening peak hours, which are between 07:00 -10:00 and 18:00 -20:00 hours respectively. These peak hours are adopted from the HomeFlex Eskom time of use tariff [33] .
2. Installation of each solar water heater will save at least 2kW of power when comparing with turning on an electric water heater [33] . This means that the direct savings for this paper S i = 2.
3. The distance and type of relationship between each household is not considered in this problem and hence the network problem is considered to be unweighted and undirected.
4. For the duration of the study there are no new members introduced into the network and none of the members leave the network.
There are two case studies presented in this paper, the first case is when there is only one person to be given a new solar water heater and the second case is when there is more than one person to give the solar water heater.
The installation of the solar heaters is to promote renewable technology and to encourage people to buy the solar water heaters. The use of the solar water heaters reduces the electricity bills and consumption electricity of the entire community. In order to maximise the indirect savings due to social impact, the criteria for houses to receive free solar water heaters will be based on how much power is saved and how much impact these households have on their community.
As the direct savings is fixed, the indirect savings will determine the person who has the most expected power savings.
Insert Figure 2 Approximately Here (Intended for colour reproduction on web)
Results and discussions
In general, a social network graph can be referred to an expression of patterns in relationships among people within a network. The relationships can be based on geographical location, political, kinship, behavioural interactions, friendship, affiliation or economic to name a few. These relationships among members of a network is used to establish a social network graph. In this paper the relationship is based on mutual acknowledgement of friendships among households in the network. The network graph is constructed from nodes (households) and edges (relationships). Household i and j must agree that they know each other and are friends before a link (edge) is made between them. How each friendship is formed and the level of friendship such as close, very close and acquaintances are not covered in the scope of this paper. The network graph of Figure 2 based on the adjacency matrix of the 56 members of the community. The graph is an unweighted and undirected graph, that is when two households are connected
The average number of nodes that any node is connected, which is the network degree D of (1), is 5.66. This means that a person is connected to one-tenth of the total population of the network on average. This shows that people are heavily connected to one another in this network. The average degree of connection of the network L = 2.75, this corresponds with the definition of the assumptions of the conditional probability formula (17) and the latest findings that any two people chosen at random will have at most 4 intermediaries between them. The network used in the case study shows that it is a real life a small work network in with a small mean path length and large network degree.
Case study I
Assume that there is only one solar water heater to be given out for free.
In order to identify the best household that will qualify for the free heater, the expected power savings for single source nodes of all the 56 people are calculated using the entropy, the indirect savings and total expected power savings using equations (5), (8) and (6) respectively. The person with the biggest total expected power savings is therefore the person who will transmit the information about the solar water heater most effectively and through his/her broadcasting about the advantages solar heaters will encourage other people to buy their own heaters. The results of the household expected power savings and information entropy from the highest to the lowest are shown in Table 1 and Figure 3 respectively.
Insert Table 1 The results show that node 3 has the highest entropy, this means that it has the highest possibility of transmitting the information about the solar water heater to the rest of the network. Node 3 has 17 connections and the highest entropy H = 0.022 compared to node 9 with 15 connection and the entropy H = 0.02. This means that node 3 has the highest influence within the network and thus has the highest social impact on the community. From Table 1, house- hold 2 who has 13 people connected to him has higher expected power savings than household 20 and 9 who have 14 and 15 connections respectively. Since the power saving for every solar water heater is the same, the household with the highest entropy is also the household with the highest expected power saving value. From the results we can see that individual having a high number people connected him does not automatically ensure he/she have the most influence in his/her community through social interactions that will prompt people to save energy. By using the expected power savings model the energy planner has knowledge to some degree the people who are more likely to spread information in a network and thus aiding him in establishing how to encourage those significant people to save energy, which in turn will encourage the rest of the network to save energy.
Case study II
If there are more than one household with the highest number of connections it is difficult to determine which household has the most influence on their network. This is where the EPS model gives the best possible solution for the household with the most influence in his/her community in terms of information transfer. Then the expected power saving from each subnetwork consisting of 3 households must be calculated so that the maximum expected power saving can be identified. The expected saving from a 3-household subnetwork is calculated by using formula (10) .
A search of all the possible 3-household subnetwork combinations is done using the brute force search algorithm. The brute force search algorithm exhaustively search through all the possible combinations until the optimal solution is found. In this case the optimal solution is the 3-household subnetwork that has the highest expected power network. The total number 3-household subnetworks search equals Insert Table 2 Approximately Here
The multiple source case study also concludes what the single case study revealed that people will higher connections does not automatically mean they will influence their neighbours more than people with lower connections, hence the need for the EPS model. (2) j (3) j (4) j (5) j (6) j (1) 1  3  5  7  9  11  13  15  17  19  21  23  25  27  29  31  33  35  37  39  41  43  45  47  49  51  53 
Conclusions and future research
